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Abstract
In the case of oscillatory potentials, we establish an oscillation theorem for the forced sublin-
ear differential equation x(n) + q(t)|x|λ sgnx = e(t), t ∈ [t0,∞). No restriction is imposed on the
forcing term e(t) to be the nth derivative of an oscillatory function. In particular, we show that all
solutions of the equation x′′ + tα sin t |x|λ sgnx = mtβ cos t , t  0, 0 < λ < 1 are oscillatory for all
m = 0 if β > (α + 2)/(1 −λ). This provides an analogue of a result of Nasr [Proc. Amer. Math. Soc.
126 (1998) 123] for the forced superlinear equation and answers a question raised in an earlier paper
[J.S.W. Wong, SIAM J. Math. Anal. 19 (1988) 673].
 2004 Elsevier Inc. All rights reserved.
1. Introduction
We are concerned here with the nth-order forced nonlinear differential equation of the
form
x(n) + q(t)|x|λ sgnx = e(t), t ∈ [t0,∞), (1)
where q(t), e(t) are real continuous functions on [t0,∞), 0 < λ < 1.
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called sublinear equations. A solution of (1) is said to be oscillatory if it is defined on some
ray [T ,∞) (T  t0) and has arbitrarily large zeros, otherwise it is called nonoscillatory.
Equation (1) is said to be oscillatory if all of its solutions on some ray are oscillatory.
The oscillatory behavior of (1) has been studied by many authors, see [4,5,9,12–14,19]
and the references therein. In these papers, it is usually assumed that q(t) is nonnegative
on [t0,∞). The technique of the proof depends mainly on the assumption, made earlier by
Kartsatos [6–8], that e(t) is the nth derivative of an oscillatory function.
Recently, Agarwal and Grace [1] studied the superlinear differential equation (1) with
λ > 1 and q(t) < 0 on [t0,∞), by the method of general means without imposing the
Kartsatos condition. Ou and Wong [11] furthered their investigation for the more general
equation
x(n) + q(t)f (x) = e(t), t ∈ [t0,∞), (2)
where q(t)  0 (< 0) on [t0,∞), xf (x) > 0 for x = 0, and there exists a constant c > 0
such that |f (x)| c|x|λ for λ > 1, or |f (x)| c|x|λ for 0 < λ < 1.
In the case of oscillatory potentials, El-Sayed [2] and Wong [21] studied the oscillation
of (1) with n = 2 and λ = 1. Nasr [10] and Sun [15] presented the oscillation criteria
for Eq. (1) with n = 2 and λ > 1. Sun and Agarwal [16,17] studied the oscillation of (1)
with λ > 1. It seems to us that nothing has been known about the oscillation of (1) in the
sublinear case, i.e., in the case 0 < λ < 1. In this paper, we shall establish an oscillation
theorem for the sublinear equation (1) in the case of oscillatory potentials. In particular, an
example is given for n = 2 which provides an analogue to the result given in Nasr [10]. This
answers a question raised by Wong [20] about the sufficient condition for the oscillation of
forced nonlinear equations in the case the potential q(t) is oscillatory.
2. Main results
The method used in this paper is similar to that in Agarwal and Grace [1], Ou and Wong
[11]. The only difference lies in a fact neglected by them that we do not need to assume
that q(t) < 0 on [t0,∞) in the proof for the sublinear case.
We consider here a nonnegative kernel function H(t, s) defined on D = {(t, s): t 
s  t0}. We shall assume that H(t, s) is sufficiently smooth in the variable s, so that the
following conditions are satisfied:
(H1) H(t, t) = 0, H(t, s) 0 for t  s  t0;
(H2) Hi(t, s) = (−1)i(∂iH/∂si), Hi(t, t) = 0, H−1(t, t0)Hi(t, t0) = O(1) as t → ∞ for
i = 1,2, . . . , n − 1, Hn(t, s) > 0 for t > s  t0.
Theorem. If
lim sup
t→∞
1
H(t, r)
t∫ [
H(t, s)e(s)+ A(t, s)]ds = ∞ (3)r
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t→∞
1
H(t, r)
t∫
r
[
H(t, s)e(s)− A(t, s)]ds = −∞ (4)
for some r  t0, where
A(t, s) = (λ − 1)λλ/(1−λ)Hλ/(λ−1)n (t, s)
[
q−(s)H(t, s)
]1/(1−λ)
, (5)
and q−(s) = max{−q(s),0}, then Eq. (1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Eq. (1), which, without loss of generality,
can be assumed to be x(t) > 0 for t  t0. Multiplying Eq. (1) by H(t, s) and integrating
from t0 to t , we obtain
t∫
t0
H(t, s)x(n)(s) ds +
t∫
t0
H(t, s)q(s)xλ(s) ds =
t∫
t0
H(t, s)e(s) ds. (6)
Now integrate the first integral by parts n times, to obtain
t∫
t0
H(t, s)x(n)(s) ds = −H(t, t0)x(n−1)(t0) +
t∫
t0
H1(t, s)x
(n−1)(s) ds
= −H(t, t0)x(n−1)(t0) −
n−1∑
i=1
Hi(t, t0)x
(n−i−1)(t0)
+
t∫
t0
Hn(t, s)x(s) ds. (7)
Substituting (7) into (6) and dividing through by H(t, t0), we have
1
H(t, t0)
t∫
t0
H(t, s)e(s) ds
= −x(n−1)(t0) +
n−1∑
i=1
Hi(t, t0)
H(t, t0)
x(n−i−1)(t0)
+ 1
H(t, t0)
t∫
t0
[
Hn(t, s)x(s) + H(t, s)q(s)xλ(s)
]
ds. (8)
In view of the hypotheses (H2), there exists a finite number M such that for t  t0
−x(n−1)(t0) +
n−1∑ Hi(t, t0)
H(t, t0)
x(n−i−1)(t0)M. (9)i=1
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1
H(t, t0)
t∫
t0
H(t, s)e(s) ds
M + 1
H(t, t0)
t∫
t0
[
Hn(t, s)x(s)+ H(t, s)q(s)xλ(s)
]
ds
M + 1
H(t, t0)
t∫
t0
[
Hn(t, s)x(s)− H(t, s)q−(s)xλ(s)
]
ds. (10)
For given t and s, set
F(x) = Hn(t, s)x(s) − H(t, s)q−(s)xλ(s) for x > 0, 0 < λ < 1.
It is easy to see that F(x) obtains its minimum at x = |Hn(t, s)/H(t, s)q−(s)|1/(λ−1) and
Fmin = (λ − 1)λλ/(1−λ) − Hλ/(λ−1)n (t, s)
[
q−(s)H(t, s)
]1/(1−λ) = A(t, s).
Thus, from (10) we get
1
H(t, t0)
t∫
t0
[
H(t, s)e(s)− A(t, s)]ds M. (11)
Taking lim inf as t → ∞ in (11), we obtain a desired contradiction to condition (4). When
x(t) < 0, we note that y(t) = −x(t) satisfies y(n) + g(t)|y|λ sgny = −e(t). Repeat the
same argument above using y(t) instead of x(t) and apply condition (3) to reach the desired
contradiction. This completes the proof of the theorem. 
Remark 1. If q(t) 0 for t  t0, then we have A(t, s) ≡ 0. In this case, Eq. (1) is oscilla-
tory if
lim sup
t→∞
1
H(t, t0)
t∫
t0
H(t, s)e(s) ds = +∞
and
lim inf
t→∞
1
H(t, t0)
t∫
t0
H(t, s)e(s) ds = −∞,
which is the particular case of Theorem 1 in Ou and Wong [11].
In the sequel, we will consider an interesting example.
Example. Consider the differential equation
x ′′ + tα sin t|x|λ sgnx = mtβ cos t, t  0, (12)
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γ > 1, then we have H2(t, s) = γ (γ − 1)(t − s)γ−2 and
A(t, s)Λ(t − s) (2−γ )λ+γ1−λ s α1−λ , where Λ = (λ − 1)
(
λ
γ (γ − 1)
)λ/(1−λ)
< 0.
Note that
t∫
0
A(t, s) ds Λ
t∫
0
(t − s) (2−γ )λ+γ1−λ s α1−λ ds = Λtp+q−1
1∫
0
(1 − u)puq du,
where
p = (2 − γ )λ+ γ
1 − λ , q =
α
1 − λ, and
1∫
0
(1 − u)puq du = B(p + 1, q + 1),
the Beta function. Since q  0 and p > 0, B(p + 1, q + 1) is a positive constant. On the
other hand,
t∫
0
(t − s)γ sβ cos s ds = tγ+β+1
1∫
0
(1 − u)γ uβ cos tu du = tα+β+1Iα,β(t),
where Iα,β(t) has the asymptotic formula:
Iα,β(t) = (γ + 1)t−γ−1 cos
(
t − γ + 1
2
π
)
+ o(t−γ−1), t → ∞
(see Erdelyi [3, (11) and (12), pp. 49–50]). Thus Eq. (12) is oscillatory if
β >
(2 − γ )λ+ γ + α
1 − λ + 1.
Observe that
lim
γ→1
(2 − γ )λ+ γ + α
1 − λ + 1 =
α + 2
1 − λ .
Hence for fixed β by choosing γ sufficiently close to 1, Eq. (12) is oscillatory if β >
(α + 2)/(1 − λ).
Remark 2. We close by stating two related problems for further research: it would be of in-
terest to find an analogous result for the nth order superlinear equations thereby extending
the result of Nasr [10] for the second-order case. When β = 0, i.e., with periodic forcing,
unlike the case when q(t)  0, see Kartsatos [7], there is still no result treating nonlin-
ear equations with oscillatory potential. In the linear case, see Sun, Ou, Wong [18]. In the
above example, condition β > (α + 2)/(1 − λ) precludes Eq. (12) from periodic forcing.
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